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’ INTRODUCTION

Noble metal nanoparticles have attracted a great deal of
attention in the last 10 years as a result of their unique optical
properties, specifically, an effect known as localized surface
plasmon resonance (LSPR). LSPR is caused by a localized oscil-
lation of a metal nanoparticle’s electrons and results in strong
electromagnetic scattering and enhanced local fields at the
resonance frequency. The resonance frequency is highly sensitive
to the nanoparticle’s shape,1 size,2 chemical composition,3 and
local refractive index.4 LSPR is useful for enhanced spectroscopy,5,6

functional layers in optical devices,7,8 photonic materials,9,10 and
protein biosensing.1,11�13 In biosensing applications, adsorption
events can be detected as a shift in the resonance frequency of the
sensor. Therefore, modeling of the LSPR phenomenon is useful
for predicting the spectral response of a given nanoparticle
conformation, which is invaluable when designing and optimiz-
ing LSPR-based sensors. Prediction of the resonance frequency is
also useful when designing for functional optical layers, such as in
light emitting diodes (LEDs).7

The optical response of spherical nanoparticles is well-known
and can be described analytically byMie’s theory.14 Analytical closed
form solutions are also available for ellipsoidal nanoparticles.15

Unfortunately, analytical solutions are not easily found for many
other nanoparticle shapes commonly used in LSPR devices. One
example of this is the triangular nanoparticles produced by nano-
sphere lithography16 (NSL), a low cost fabrication technique
used often in LSPR biosensing applications. Developing a flexible
model for calculating the optical response of these and other
nanoparticle geometries is therefore critical to improving the
design of LSPR-based sensors.

Modeling of LSPR-based sensors can be difficult because the
nanoparticle sensing layer is heterogeneous. Therefore, it is

advantageous to simplify the problem and find effective optical
properties for the nanoparticle layer. A common technique used
to achieve this is to find the spectral response of a given nano-
particle layer analytically and then use homogenization techni-
ques to transform the heterogeneous nanoparticle layer into an
equivalent homogeneous layer with effective optical properties. A
homogenization technique used often in the literature for these
purposes is the Maxwell�Garnett (MG) theory.17 In this theory,
a relationship is derived to find the effective dielectric constant of
a medium containing small spherical inclusions. This theory is
widely used for ellipsometry measurements,18 optical layer
design,7 and biosensor design.13 MG theory is, however, only
valid for low nanoparticle volume filling fractions (<30%),15

which is defined as the ratio of the volume of the nanoparticles to
the volume of the entire layer. This limitation means that
coupling between nanoparticles, which affects their plasmonic
response,15 cannot be taken into account; thus dense layers or
closely spaced nanoparticles cannot be accurately modeled. In
addition, basic MG theory is only valid for small nanoparticle
sizes17 and nanoparticles that are spherical in shape, which limits
its applicability to a few special cases. It also cannot take into
account the effect of the substrate, which can be significant.4

In order to avoid the shortcomings of the MG theory,
techniques for effective medium homogenization of arbitrary
nanoparticle shapes have been described by Smith et al.19 for use
in metamaterials and by Lidorikis et al.20 for use in nanoparticle
multilayer superstructures. These techniques rely on numerical
methods such as the finite-difference time-domain21 (FDTD)
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ABSTRACT: Inhomogeneous nanoparticle layers are often modeled as
effective homogeneous layers in order to simplify optical device design.
Maxwell�Garnett (MG) theory is often used to find the effective medium
properties of localized surface plasmon resonance (LSPR) sensing layers.
However, MG theory is only applicable for small spherical particles with low
filling fractions, thus limiting its applicability. In this paper, an extraction
method is used to determine the effective medium properties of an LSPR
sensing layer consisting of metal nanoparticles of arbitrary shape. Complex
reflection and transmission coefficients (S parameters) are found using CST
Microwave Studio (CST MWS), a commercial software package. Effective index of refraction (neff) and impedance (zeff) are
calculated from the simulated S parameters. This method is extended to account for substrate effects on the effective medium
properties. Thus, this method allows for more accurate homogenization of LSPR sensor layers made of any nanoparticle shape,
enabling improved LSPR device design.



15226 dx.doi.org/10.1021/jp203150n |J. Phys. Chem. C 2011, 115, 15225–15233

The Journal of Physical Chemistry C ARTICLE

method and finite element analysis (FEA) to calculate the optical
response of the system. Equations are then employed to extract
effective optical properties for an equivalent homogeneous
effective medium with the same thickness as the simulated layer.
The applicability of these methods is immensely broad and is
only limited by the shortcomings of numerical methods and
computational power.22 This work extends these techniques for
applications in LSPR-based sensor design. Different nanoparticle
shapes are explored as well as the inclusion of substrate effects to
create a more accurate and useful model for LSPR sensors.
Computer Simulation Technology’s Microwave Studio (CST
MWS) is used for the optical simulation of the nanoparticle layer.
This software provides a 3D CAD environment, which allows
any arbitrary shape to be modeled and employs a numerical
method known as finite integration technique23 (FIT). This
method is computationally equivalent to FDTD when applied to
Cartesian grids in the time domain;24 however, it relies on
discretization of Maxwell’s equations in integral form rather than
differential form. Homogenization of both symmetric and asym-
metric mediums is performed as previously described by Smith
et al.19 and used for subsequent extraction of the effective optical
properties.

’MODELING METHOD

The technique used for effective optical property extraction
presented here is based on the technique described previously by
Smith et al.19 This technique takes the complex reflection and
transmission coefficients, also known as scattering parameters
(S parameters), from numerical simulation and uses them to find
the effective refractive index (neff) and impedance (zeff) of the
medium. The S parameters are shown schematically in Figure 1.
As mentioned, numerical simulations are performed using CST
MWS to find the S parameters for specified nanoparticle layer
geometries. Inputs to these simulations are nanoparticle shape,
physical dimensions, orientation, optical material properties for
both the nanoparticle material and surrounding medium, bound-
ary conditions such as periodicity, and frequency range of
interest. The 3D CAD environment provided by CST MWS
can be used to directly specify the geometry of the nanoparticle,
which is especially useful for modeling complex 3D shapes.

All simulations presented in this paper use CST MWS’s fre-
quency domain solver with a tetrahedral mesh.

The retrieval technique presented by Smith et al.19 allows for
homogenization of both symmetric and asymmetric configura-
tions, which are both illustrated in Figure 1. For the case of the
symmetric configuration, which is shown in Figure 1a, there is a
symmetric optical response, where

S11 ¼ S22 ¼ complex reflection,

S21 ¼ S12 ¼ complex transmission ð1Þ
Knowing the thickness of the effective medium, d, and the

wavenumber (or wavelength, λ) of interest, k = 2π/λ, the sim-
ulated S parameters can be used to calculate the effective
refractive index (neff) and impedance (zeff) using the equations:

19

neff ¼ (
1
kd

cos�1 1
2S21

ð1� S11
2 � S21

2Þ
� �

+
2πm
kd

� �
ð2Þ

zeff ¼ (
ð1 + S11Þ2 � S212

ð1� S11Þ2 � S212

 !1=2
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The inverse cosine of eq 2 provides many branches, as
indicated by the integer m. These branches can lie quite close
if d is large compared with the wavelength, which can create dif-
ficulty in unambiguously determining the effective refractive
index. In the case of nanoparticle effective mediums, d , λ, so
unambiguous determination of neff is much more straightfor-
ward. For this reason, only the first branch (m = 0) is taken and
the restriction that Im(neff) > 0 is imposed to obtain an
unambiguous result for the refractive index.25 Knowing that
the layer is a passive material, a further restriction is imposed,
which is that Re(zeff) > 0. This allows zeff to also be determined
unambiguously. With the effective impedance and refractive
index, one can now unambiguously define an effective permittiv-
ity (εeff) and permeability (μeff) by the following relations

εeff ¼ neff
zeff

, μeff ¼ neffzeff ð4Þ

Asymmetric mediums require a slightly different treatment, as
the reflection of a wave propagating in one direction across the
medium is not necessarily the same as a wave propagating in the
opposite direction. Hence, for the case of the asymmetric
configuration, which is shown in Figure 1b, there is an asym-
metric optical response, where

S21¼S12, but S11 6¼ S22 ð5Þ
Consequently, this gives different values for neff and zeff

depending on the direction of propagation. Smith et al. showed
that if the unit cell is repeated infinitely, the standard retrieval
process for the effective refractive index can be used by employ-
ing an averaged S parameter,19

Sav ¼ ðS11S22Þ1=2 ð6Þ
The effective refractive index can then be calculated using Sav

in the place of S11 or S22 so that eq 2 becomes

neff ¼ (
1
kd

cos�1 1
2S21

ð1� Sav
2 � S21

2Þ
� �

+
2πm
kd

� �
ð7Þ

Smith et al.19 noted that finding an unambiguous effective
impedance for an asymmetric medium is not generally possible.

Figure 1. Illustration of the S parameters for a (a) symmetric slab and an
(b) asymmetric slab, each of which requires slightly different treatment
to extract the effective optical properties. Images on the left correspond
to light propagation from left to right, while images on the right
correspond to light propagation from right to left. S11 and S22 are the
complex reflections for right and left propagation directions, and S21 and
S12 are the complex transmissions for right and left propagation.
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The impedance is different depending on the propagation
direction and a method does not exist to extract a meaningful
averaged impedance. Without an unambiguous result for the
impedance, εeff and μeff also cannot be defined unambiguously.
For this reason, one must compare zeff, εeff, and μeff for both the
forward and backward propagation directions in the case of an
asymmetrical configuration.

The effects of the substrate on the optical properties of the
nanoparticles are important to consider because LSPR effects
have been shown to be highly dependent on the local refractive
index, including the substrates that they are fabricated upon.4 It
has been demonstrated that the LSPR response is dependent
on the local refractive index up to 30 nm away from the
nanoparticle.26 Therefore, to accurately determine the effec-
tive optical properties of the nanoparticle layer, the substrate
must be considered. In this work, the numerical simulations
take into account the substrate together with the nanoparticle
layer, but only the response of the nanoparticle layer is
extracted. This allows the effects of the substrate to be
accounted for, while still obtaining the effective properties of
only the nanoparticle layer.

A cross-section schematic and a 3D image of the CST MWS
simulation, illustrating the inclusion of substrate effects, are
shown in panels a and b of Figure 2, respectively. Note that
Figure 2 shows a square prism nanoparticle only for illustration
purposes, as nanoparticles of any shape or size can bemodeled by
using the 3D CAD environment. The specific geometries used in
this study will be detailed in subsequent sections. To find the
effective optical properties for the area indicated between the two
dashed lines, dnp, periodic boundary conditions are applied to
simulate an infinite array of nanoparticles, including the sub-
strate. The waveport size is considered to be at least 30 nm26

apart from the dashed lines (dbg and dsub for the top and bottom
waveports, respectively) to capture as much of the effects of the
surrounding refractive index as possible. Because the waveports
are placed at a distance away from the layer of interest (the
nanoparticle layer), the calculated S parameters have a phase
offset that must be accounted for.

Consider a wave propagating from top to bottom in Figure 2.
For the retrieval process, the incident phase needs to be 0 at the
top dashed line, with the reflected and transmitted phases being
measured at the top and bottom dashed lines, respectively. The
phase offset can be applied by specifying the “Distance to
Reference Plane” in “Waveport Options” within CST MWS,

which uses the following two equations

S11 ¼ Scalc11 expð�i½knbgdbg + knbgdbg�Þ ð8Þ

S21 ¼ Scalc21 expð�i½knbgdbg + knsubdsub�Þ ð9Þ

where k is the wavenumber, nbg, dbg and nsub, dsub are the
refractive index and thickness of the surrounding medium and
the substrate, and Sxx

calc is the S parameter found from the
simulation without phase correction applied. Equation 8 gives
the phase-corrected S parameters for the reflected waves, and
eq 9 gives the phase-corrected S parameters for the transmitted
waves. In eq 8, the first term of the exponential accounts for the
incident phase offset and the second term accounts for the
reflected phase offset. In this case, both terms of the exponential
are the same since the reflected wave propagates the same
distance, in the same medium (the surroundings), before and
after encountering the nanoparticle effective medium. In eq 9,
the first term of the exponential accounts for the incident phase
offset and the second term accounts for the transmitted phase
offset. The two terms in the exponential are not the same in this
case since the transmitted wave travels through two different
media, the surroundings and the substrate, before and after
passing through the nanoparticle effective medium. This correc-
tion allows the S parameters to be obtained for the nanoparticle
layer alone by removing the phase offset that occurs due
to placing the waveports at a finite distance from the
nanoparticle layer.

Addition of the substrate also creates an asymmetrical re-
sponse. For this reason, the asymmetrical retrieval process
described by Smith et al., which employs eq 7, must be used.
However, this approach will only allow recovery of an effective
refractive index for the nanoparticle layer due to ambiguities in
the effective impedance, as already discussed.

As a final note, Smith’s method is derived for a medium
surrounded by vacuum.19 To account for this, the S parameter
results are renormalized to the impedance of free-space (Z0 ≈
376.73 Ω) before the effective refractive index is extracted. The
renormalization is done within CST MWS by specifying a
renormalization impedance when exporting results. However,
it can also be accomplished using renormalization procedures
outlined elsewhere.27

Figure 2. (a) Cross-section schematic and (b) 3D image of CSTMWS simulation illustrating the inclusion of substrate effects into the effective optical
properties of the nanoparticle layer. The thickness of each of the layers is specified by dbg, dnp, and dsub. For illustration purposes, the nanoparticle shown
here is a square prism, but any nanoparticle geometry can be modeled. The specific size and shape of the nanoparticles used in this study are detailed
subsequently.
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’RESULTS AND DISCUSSION

As a first validation of the effectiveness of the extraction
method described above, here after called the “extraction meth-
od”, a single layer of 10 nm spherical gold nanoparticles
surrounded by air with various volume filling fractions is simu-
lated and compared to MG results for the same geometry. No
substrate is considered in this simulation, making it a symmetric
geometry. The scattering parameters of the symmetric medium
containing the nanoparticles are determined using CST MWS
simulations. In these simulations, the thickness of the effective
medium corresponds to the sphere diameter and the periodicity
of the unit cell is defined so that the desired nanoparticle filling
fractions can be achieved. The effective optical parameters
are then calculated using the extraction method, and the results
are compared to those obtained using MG theory. For instance,
the effective permittivity using MG theory was found using the
equation17

εeff � εm
εeff + 2εm

¼ f
ε� εm
ε + εm

ð10Þ

where εeff is the effective permittivity, εm is the permittivity of the
surrounding medium, ε is the bulk permittivity of the metal
inclusions, and f is the volume fraction of spheres in the medium.
Because the material is nonmagnetic (μeff ≈ 1), the effective
refractive index can be calculated as neff = (εeff)

1/2 and thus
compared with the effective refractive index found using the
extraction method.

For the purpose of this comparison, gold spheres with a
diameter of 10 nm in a surrounding medium of air (εm = 1.0)
are used. The effective parameters are determined using both
methods, for sphere filling fractions of 5% and 10%. For
simplicity, the bulk permittivity of gold is approximated by the
following Drude�Lorentz model28

εðωÞ ¼ ε1 �
ωp

2

ivcω +ω2
+

εLω0
2

ω0
2 � 2iδ0ω�ω2

ð11Þ

where ε1 = 7.077,ωP = 1.391� 1016 rad/s, vC= 1.411� 107 rad/s,
εL = 2.323,ω0 = 4.635� 1015 rad/s, and δ0 = 9.267� 1014 rad/s.

Comparison plots of the real and imaginary parts of the effective
refractive index found using each method are presented in Figure 3,
showing good agreement between the effective refractive index
calculated by both the conventional MG method and the CST
MWS extraction method. However, it is clear that at the higher
filling fraction the results from the extraction method differ from
MG theory. This is most likely because MG theory is only valid for
lower filling fractions.15 These results validate the proposed extrac-
tion method at low filling fractions and suggest that this method
could be more useful than MG theory for higher filling fractions,
since the accuracy of the method described is not dependent on the
filling fraction. Also, since the extraction method is not limited to
simple spheres, it can be used to calculate the effective optical
properties of any nanoparticle shape at any filling fraction.

For the previous simulations, no substrate was considered, so
that a direct comparison could bemade between the results of the
extraction method and MG theory, which does not account for
substrate effects. However, a more accurate effective refractive
index can be obtained if the substrate is included in the numerical
simulations. This is because LSPR effects have been shown to be
highly dependent on the local refractive index, including the
substrates that they are fabricated upon.4 Therefore, another
useful aspect of the extraction method presented here is the
ability to take into account the effect of the substrate on the
optical properties of the nanoparticle layer, which is demon-
strated below. Substrate effects have been incorporated into
effective medium calculations in the past, but nanoparticle
geometries are generally restricted to simple shapes, such as
spheres29 and spheroids,30�32 which is a major limitation.
Although the impact of substrates on the optical response of
more complex-shaped nanoparticles has been investigated using
numerical techniques,4,33 to the best of the authors’ knowledge,
none has done so in order to extract the effective optical
properties of the nanoparticle layer alone. Knowing the effective
optical properties is advantageous for incorporation of the
nanoparticle layer into models of practical devices that often
have many other optical layers in addition to the nanoparticle
layer. Therefore, using the extraction method presented, the
effective optical properties of any nanoparticle geometry can

Figure 3. Comparison between CST MWS extraction method and MG theory for finding the effective refractive index of a 10 nm gold nanoparticle
layer with volume filling fractions of (a) 5% and (b) 10%. Good agreement is seen between the effective refractive index calculated by each technique,
although results begin to deviate at the higher filling fraction. This is likely due to the filling fraction limitations ofMG theory, which are not present in the
extraction method.
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be readily calculated, while accounting for the effect of the
substrate.

To demonstrate the usefulness of taking into account sub-
strate effects, as well as the ability to address more complex
nanoparticle shapes, a typical triangular nanoparticle array pro-
duced by nanosphere lithography (NSL) is simulated, both with
and without the inclusion of a substrate. The triangular nano-
particles are modeled based on the geometry that would result
from using 400 nm microspheres as a mask for metal deposition
and liftoff. For simplicity, equilateral triangular prisms are
modeled, which are a close geometric representation of the trun-
cated tetrahedron shape used to describe nanoparticles resulting
from NSL. A top-down view of the nanoparticle is schematically
presented in Figure 4 to describe the simulation geometry. The
nanoparticles are assumed to be made out of gold and have a
thickness of 50 nm.

The triangular nanoparticle has a perpendicular bisector of
93.2 nm and the unit cell has periodicity of 263.9 nm in both the
x and y directions, resulting in a filling fraction of 7.2%, which is
determined by the NSL fabrication process. Since the nanopar-
ticles are triangular prisms, the filling fraction is only dependent
on the particle area and periodicity and not the particle height.
It should be noted that application of periodic boundary condi-
tions as seen in Figure 4 results in a square grid arrangement of
particles, which is different from the hexagonal arrangement that
results from NSL. However, this is not expected to have a large
influence on the results since the decay length of the LSPR effect
has been shown to be on the order of 30 nm,26 i.e., an order of
magnitude less than the 156.3 nm separation between nanopar-
ticles in this scheme.

The triangular nanoparticles are first simulated without a
substrate, in a surrounding medium of air (εeff = 1.0). Although
the Drude�Lorentz model28 is usually more convenient to work
with, bulk optical constants for gold determined experimentally
by Johnson and Christy34 have been used here to allow a more
accurate comparison with experimental results. The symmetric
retrieval method (eq 7) is used once the S parameters are found,
and the results for refractive index, impedance, permittivity, and
permeability are presented in Figure 5. The imaginary part of the
effective refractive index of the nanoparticle layer is indicative of

optical absorption and is therefore used as an indicator of LSPR.
In this case, Figure 5a shows an LSPR peak at 582.7 nm.

The simulation is performed again, using the same configura-
tion in Figure 4 and a cross section as shown in Figure 2, but this
time including a substrate of silicon dioxide (nsub = 1.46). The
surrounding medium, triangular nanoparticle, and substrate
thicknesses are all assumed to be the same and equal to 50 nm.
Due to the asymmetry of the configuration, slightly different
results are found for zeff, εeff, and μeff depending on the direction
of propagation. For this reason, the refractive index extracted
using the averaged S parameter and eq 7 provides the best option
for comparison. The results of these simulations for effective
refractive index (using the averaged S parameter), impedance,
permittivity, and permeability are presented in Figure 6. Since a
single unambiguous value cannot be found for impedance,
permeability, or permittivity, results are shown for both propaga-
tion directions for these extracted parameters. Figure 6a shows a
peak in the imaginary part of the refractive index at 622.2 nm,
which is the LSPR peak. This indicates a red shift of 39.5 nm in
the LSPR peak position when compared with the results ob-
tained without a substrate. This corresponds to a substrate
induced red shift of 86 nm RIU�1 (where RIU is refractive index
unit), which is on the same order of magnitude as the experi-
mental study done for silver nanoparticles by Malinsky et al.35

Hence, these results illustrate the need for including substrate
effects when attempting to accurately determine the effective
optical properties of an LSPR nanoparticle layer, again proving
the usefulness of this technique.

It should be noted that in both Figures 5d and 6d a small
effective magnetic response is observed near the plasmon
resonance frequency. An effective magnetic response from arrays
made from nonmagnetic materials is not uncommon and has
been observed in left-handed metamaterials19,25 as well as in
nanoparticle superstructures.20 The magnetic response observed
is not necessarily negligible, as seen especially in Figure 6d, and
therefore represents an additional advantage of this method
over methods such as MG theory, which neglect any magnetic
response. This response should therefore be considered when
using the extracted optical parameters of the nanoparticle layer.

To further verify the accuracy and usefulness of the extraction
method presented here, the response of a real LSPR sensor,
previously reported by Hiep et al.,36 is simulated. Hiep’s sensor
consisted of an LSPR layer on top of an optical interference layer,
which was called an “interference LSPR” (iLSPR) sensor. In
Hiep’s device, a 500 nm silicon dioxide layer was sandwiched
between a gold nanoparticle layer and a silicon substrate. The
gold nanoparticle layer was made of 50 nm spherical inclusions at
a filling fraction of 21.4%. Hiep used MG theory and multilayer
reflectance Fresnel theory to model the sensor. Bulk optical
constants of gold, silicon, and silicon dioxide were used for the
calculation of the Fresnel coefficients. The RI of the surrounding
medium was the same as that of the dielectric film containing
dispersed small gold nanoparticles on the SiO2/Si substrate.

36

Results from the modeling and experiments performed by Hiep
for this device within two different mediums, air and oil, are
shown in Figure 7.

To model Hiep’s sensor using the extraction method, bulk
optical constants for gold34 and silicon37 are used. Here, the data
from Johnson and Christy34 for the gold optical constants is used
once again instead of the Drude�Lorentz model28 to more
accurately compare the results of the extraction method to the
experimental results from Hiep. CST MWS is used to find the

Figure 4. Top-down schematic of the triangular gold nanoparticles
used in these simulations to illustrate the effect of the substrate and
demonstrate the ability tomodel complex shapes. The geometry is based
on the nanoparticles produced byNSL using 400 nmmicrospheres. PBC
stands for periodic boundary condition.
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effective refractive index of the nanoparticle layer, in air and in oil,
using a similar configuration to that shown in Figure 2 with a
50 nm spherical particle sitting on a 30 nm silicon dioxide (n =
1.46) layer. After extraction of the effective refractive index,

multilayer Fresnel theory38 is used to find the overall reflectance
of the multilayer sensor system. For simplicity in the multilayer
reflectance calculations, the small effective magnetic response
observed near resonance is ignored by assuming μeff = 1. At this

Figure 5. Simulation results for the (a) effective refractive index, neff, (b) effective impedance, zeff, (c) effective permittivity, εeff, and (d) effective
permeability, μeff, of the NSL triangular nanoparticle layer extracted from CSTMWS simulations. The substrate is not considered, and the LSPR peak is
at 582.7 nm.

Figure 6. Simulation results for the (a) effective refractive index, neff, calculated using Sav and eq 7, (b) effective impedance, zeff, for forward (+z) and
reverse (�z) propagation directions, (c) effective permittivity, εeff, for forward (+z) and reverse (�z) propagation directions, and (d) effective
permeability, μeff, for forward (+z) and reverse (�z) propagation directions of the NSL triangular nanoparticle layer with substrate (silicon dioxide,
nsub = 1.46) effects included. The LSPR peak is at 622.2 nm, indicating a shift of 39.6 nm when compared to the case without a substrate.



15231 dx.doi.org/10.1021/jp203150n |J. Phys. Chem. C 2011, 115, 15225–15233

The Journal of Physical Chemistry C ARTICLE

stage, it is not known to what extent this simplification affects the
results and further work is needed to assess this in the future. The
modeling approach is illustrated in Figure 8. In the Fresnel
model, the reflectance is calculated for a 50 nm thick effective
nanoparticle layer (using the extracted refractive index), on top
of a 500 nm silicon dioxide layer, using air or oil as the external
(or entrance) medium and silicon as the exit medium. Results are
presented in Figure 9.

To compare Hiep’s results with the ones obtained here, the
peak and valley positions and reflectance magnitudes are marked
in Figures 7 and 9 and summarized in Table 1. The table presents
results for peak position as well as reflectance magnitude (in %).
It can be observed that the extraction method produces results
that more closely match the experimental results presented by
Hiep. In general, for the iLSPR sensor in air, similar peak
positions from the MG theory and the extraction method are
seen, both of which differ slightly from the experimental posi-
tions. However, for extreme point 3, in air, the extraction method
produces a reflectance (2%) in closer agreement with experi-
mental results (3%) when compared with MG theory (9%). In
addition, there is a much better agreement between the reflec-
tance values calculated with the extraction method at extreme
points 4 and 6 and the peak position for extreme points 5 and 6.
Finally, a much more pronounced difference between the two
approaches is seen when considering the oil medium, with the
extraction method producing results that agree more closely with
the experimental results, in most cases.

It is expected that the larger errors seen between Hiep’s
simulations and experimental results is mainly due to substrate
effects not being considered and the fact that the MG theoretical
approach has inherent limitations in accuracy due to both filling

Figure 7. Experimental reflection spectra of bare SiO2/Si substrate and iLSPR substrate measured in (a) air (nair = 1), and (b) oil (noil = 1.516).
Simulation results of reflection spectra calculated using MG theory, measured (c) in air and (d) in oil.36

Figure 8. Modeling approach for Hiep’s multilayer iLSPR sensor. The
nanoparticle layer simulated in CST MWS is illustrated on the left. The
multilayer stack solved with Fresnel theory is shown on the right, with
the effective nanoparticle layer having properties determined from the
CST MWS extraction.
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fraction and particle size restrictions.15 However, although the
extraction method produced results closer to the experimental
results, there are still differences in peak position and height. It is
believed that this is in part caused by the size distribution of the
nanoparticles, which was not taken into account. In addition, the
nanoparticles in Hiep’s device are randomly distributed, while in
the simulation, an ordered cubic arrangement was used, thus
disregarding some possible interparticle coupling effects. Also, in
this case, the small magnetic response observed near the plasmon
resonance has been ignored. This could also contribute to the
differences in peak height and position.

’CONCLUSIONS

A numerical simulation technique has been applied to LSPR
devices and extended to include substrate effects, based on the
extraction of the effective medium properties (refractive index
and impedance) of symmetric and asymmetric nanoparticle
arrays with arbitrary geometry. This approach provides con-
siderable versatility compared with analytical approaches such
as Maxwell�Garnett theory, which is limited to small spheres
and low filling fractions. It allows nanoparticles of arbitrary
shape to be examined within the confines of the numerical
simulation and computational power. The method also reveals

effective magnetic responses, which are ignored when using
MG theory. In addition, the approach provides a method to
include substrate effects, which are crucial to accurately de-
scribing the LSPR effect in practical devices. The method was
used to extract the effective refractive index of a nanosphere
lithography triangular nanoparticle array on a silicon dioxide
substrate. Substrate sensitivity found through simulation was
reasonable compared with experimental results from the
literature.

The method was further validated by using it to model an
iLSPR multilayer sensor configuration. The extracted refractive
index was combined with Fresnel theory and used to find the
reflectance of a sensor presented by Hiep et al. Results found
using the extraction method are in closer agreement with
experimental results when compared with simulation results
obtained using MG theory, illustrating the effectiveness of this
method. Numerical simulations allow the inclusion of specific
details, such as substrate properties and nanoparticle shape,
physical dimensions, and filling fraction, which significantly
affect the LSPR response of a nanoparticle sensing layer. Using
the method outlined, effective medium properties can be
obtained that account more fully for LSPR effects, thus provid-
ing an important tool for the design of LSPR-based sensors and
devices.

Figure 9. Reflectance spectra calculated in this paper for Hiep’s iLSPR sensor using the CST MWS extraction method, including the substrate effects,
(a) in air and (b) in oil. Compared toMG theory, the results from the extraction method show better agreement with the experimental results presented
by Hiep.

Table 1. Local Extrema Positions and Reflectance Magnitudes Comparing Hiep’s Experimental Results with Both Modeling
Methods (MG Theory and Extraction Method)a

local extrema experimental (position, reflectance) MG theory (position, reflectance) extraction method (position, reflectance)

air 1 425 nm, 1% 440 nm, 4% 430 nm, 1%

2 500 nm, 35% 510 nm, 36% 510 nm, 37%

3 610 nm, 3% 625 nm, 9% 625 nm, 2%

4 775 nm, 33% 770 nm, 32% 780 nm, 33%

oil 1 430 nm, 3% 450 nm, ∼0% 430 nm, ∼0%

2 500 nm, 26% 510 nm, 27% 505 nm, 32%

3 540 nm, 20% 530 nm, 22% 530 nm, 20%

4 575 nm, 22% 590 nm, 40% 550 nm, 25%

5 660 nm, 5% 690 nm, 1% 650 nm, 6%

6 815 nm, 29% 860 nm, 35% 780 nm, 28%
a Local extrema numbers correspond to those marked in Figures 7 and 9. Compared to MG theory, the extraction method produces results that show
better agreement with experimental results.
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