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Abstract: This paper presents a numerical study 
of the deposition of spherical charged 
nanoparticles caused by convection and 
Brownian diffusion in a pipe with a cartilaginous 
ring structure(fig.1). The model is supposed to 
describe deposition of charged particles in the 
upper generations of the tracheobronchial tree of 
the human lung. The upper airways are 
characterized by a certain wall structure called 
cartilaginous rings which are believed to increase 
the particle deposition when compared to an 
airway with a smooth wall. The problem is 
defined by solving Navier-Stokes equations in 
combination with a convective diffusion 
equation and Gauss law for electrostatics. Three 
non-dimensional parameters describe the 
problem, the Peclet number 2 /Pe U a D= , the 
Reynolds number Re 2 /U a ν=  and an 
electrostatic parameter 2 2

0 0/(4 )a c q Tα ε κ= . 

Here U  is the mean velocity, a the pipe radius 
and D is the diffusion coefficient due to 
Brownian diffusion given by 

/(3 )D TCu dκ πµ= , where Cu is the 
Cunningham-factor 

0.391 / (2.34 1.05exp( )dCu dλ
λ

= + + − . Here d is 

the particle diameter and λ is the mean free path 
of the air molecules.  
Results are provided for generation 4 of the 
human airway and for normal breathing 
conditions with a Reynolds number of 450 and a 
Peclet number of 100000, corresponding to a 
pipe radius of 2.25mm and a particle radius of 
10nm. The electrostatic parameter is varied to 
model different concentrations c0 and charge 
number q.  
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1. Introduction 
 

Use of Carbon-nanotubes in material design 
enables the development of new materials with 
superior properties. A drawback of this 
development is that these particles when inhaled 
may be toxic and can cause substantial health 
risks of the human lung1. In experiments these 
particles are known to be electrically charged 
which probably leads to an increase in particle 
deposition in the lung. 

In this paper we analyze how nanoparticles 
are deposited in the human lung airways and 
especially we consider the effects caused by 
charged nanoparticles. We also include a wall 
structure called cartilaginous rings, located in the 
upper airways of the lung. 

To find the transport and deposition in a 
general flow geometries there are essentially two 
methods. One method is to solve the equations of 
motion of the particles in the flow field which is 
generated by solutions of Navier-Stokes equation 
Högberg et al.2. To get statistical measures of the 
deposition a large number of particles (N) need 
to be simulated with an error of the 
order 1/2( )O N − .This approach is difficult if we 

wish to find the electric field from a 
concentration of particles. 

An alternative method is to more directly 
consider the equation that describe the 
probability density of the particles, i e. the 
Fokker-Planck equation3 or a convective 
diffusion equation for the concentration4. 

In the present paper we consider this latter 
approach of solving the convective-diffusion 
equation for the concentration combined with 
Navier-Stokes equations for the fluid flow and 
Poisson’s equation for the electrostatic field. 

Studies of the deposition of charged particles 
in a cylindrical tube have been performed earlier 
by Yu5, Yu and Chandra6 and Ingham7. These 
authors assume fully developed fluid flow. This 
is a good approximation for the higher 
generations of the human lung, but for the upper 

Excerpt from the Proceedings of the COMSOL Conference 2010 Paris

http://www.comsol.com/conf_cd_2011_eu


lower generation airways, the effect of a 
developing fluid flow is important. In this paper 
where we consider generation 4 we therefore 
assume the fluid to develop from uniform 
velocity at entry.  
 
2. Governing equations 

 
Each generation of the human airways is 

supposed to be described by a pipe with a 
smooth surface or a pipe with a cartilaginous 
ring structure, see figure 1. For the individual 
airways of each generation we assume axial 
symmetry. The following set of equations 
describes the physics of the problem. 
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Figure 1. Axisymmetric pipe geometry with a wall 
structure given by * ( )r a g xς= + where ζ∗ is an 
amplitude of the wall structure. 
 
The dimensionless parameters of the problem are 
the Reynolds number, the Peclet-number and an 
electrostatic parameter 
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Here U is the mean uniform velocity at inlet and 
a  is the pipe radius, ν is the kinematic viscosity 
of air and D is the Brownian diffusion constant 
defined as 
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where Cu is the Cunningham factor which is a 
correction factor needed to bridge the gap 
between the continuum limit and the free 
molecular limit for the flow past a sphere. Here 
λ is the collision mean free path and d is the 
particle diameter. κ is Boltzmanns constant, T is 
the absolute temperature and µ is the dynamic 
viscosity of the air. 
Equation (2.1) is an equation describing the 
evolution of the concentration c, which is an 
equation of convective-diffusion type with an 
extra source-term including the effects from the 
electric field. Equation (2.2) is the Navier-Stokes 
equation describing the evolution of the fluid 
flow and equation (2.3) is Poisson’s equation 
which gives the link between the charged 
particles and the electric field.

 

 
3. Use of COMSOL Multiphysics 
 
The set of equations (2.1-2.3) needs to be solved 
together as a system and using Comsol 
Multiphysics 3.5a or 4.0a greatly facilitates the 
solution of the problem. The application modes 
that have been used are Fluid dynamics, 
stationary Navier-Stokes, stationary Diffusion-
convection and Electrostatics. The boundary 
conditions for the fluid flow are no slip on the 
pipe wall. At the inlet x=0 a uniform velocity is 
chosen and at x=L outlet conditions are applied. 
On the x-axis axial symmetry is chosen. 
For the application of the diffusion-convection 
mode, the concentration at the inlet is uniform 

0c c= . The boundary condition of the absorbing 
wall is 0c =  and at the outlet convective flux is 
chosen. For the electrostatics mode, zero 
charge/symmetry is chosen at the inlet and 
outlet. Since the wall of the respiratory airways 
consists of a so called mucus-layer including 
mainly water, the wall is treated as a good 
conductor so the wall potential is chosen as zero. 
For the meshing adaptive mesh is applied and for 
the finest mesh the number of degrees of 
freedom are about 1000000. 

 
 



4.  Numerical Results 
 

The morphology of the respiratory airways of 
the human lung is represented by a system of 
pipes where each pipe belongs to a certain 
generation. The first generation is a single pipe 
called trachea. After the trachea the pipe 
bifurcates into two pipes of generation 2. After 
these two pipes one more bifurcation takes place 
so that we end up with 4 branches of pipes in 
generation 3. This pattern is repeated until 
generation 16, after which further bifurcations 
follow, with the difference that now the so called 
alveoli appear which provide with the necessary 
gas exchange with the blood-vessel system.  
In the upper airway generations another feature 
is present. The walls of the pipe have a so called 
cartilaginous ring structure, see figure 1-2. These 
rings can cause separation of the fluid flow and 
also modify particle deposition to the wall4. 

We have chosen to provide results from 
generation 4 for which the airway has a ring 
structure with an amplitude of 0.1 diameter. For 
light breathing conditions in generation 4 we 
have a mean velocity of 1.75 m/s. The radius is 
2.25mm and the length of the pipe is 12.375 mm. 
The Reynolds number is then Re 450= . The 
reason for choosing generation 4 is that here one 
can consider the flow as laminar in contrast with 
lower generations N=1-3 which are usually 
characterized by turbulent flow. To determine 
the Peclet number the size of the particles is 
important. We have chosen a particle with a 
diameter of 5nm, which gives a Peclet-number of 
Pe=100000. 

 

 
 
Figure 2. A pipe with a cartilaginous ring structure 
 

 

We first consider results for uncharged 
particles. More results from this case is presented 
by Åkerstedt et al. (2010)4. In figure 3 the 
deposition is calculated for a smooth pipe and 
with a pipe with a cartilaginous structure with 
five rings. 

 
 

Figure 3. Cumulative deposition rate for a smooth pipe 
and a pipe with cartilaginous rings. 

 
The local deposition is calculated as the local 

normal diffusion flux divided by the inlet 
convective flux. Figure 3 shows the cumulative 
deposition after a length X. In figure 2 the 
distribution of concentration and the streamlines 
are shown. It is to be noted that the flow 
separates in a region between the rings. The local 
maximum diffusion flux is found in the region 
close to the reattachment of the flow. 

In general the local flux is smaller in the 
region between the rings. This means that the 
distance between the rings is of importance in 
the overall diffusion flux of the pipe. 

Next consider the effect of charged particles. 
The dimensionless parameter that describes all 
electrostatic effects is then 
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=  

 Here c0 is the concentration of particles at 
the inlet and q is the charge of the particles. 
As an example for generation 4 and particles that 
carry 10 elementary charges and where the 
particle concentration at inlet is c0=1010 

particles/m3 the electrostatic parameter is α=3.4.  
 First we give some results for a smooth pipe 
of generation 4 for different values of α. In 
figure 4 the concentration and the electric field is 



plotted. Since we consider positively charged 
particles the electric field is in the radial 
direction. Note also the very thin concentration 
boundary layer, which is expected for the large 
values of the Pe-number. For larger Pe-numbers 
this leads to numerical difficulties. In figure 5 the 
evolution of the concentration boundary layers is 
shown. 
In figure 6 the total deposition after a length of 
5.5 pipe radii is plotted for different values of the 
electrostatic parameter. It is seen that increasing 
α from 0 to 90 the deposition rate increases by a 
factor of 65%.  
 

 
Figure 4. Concentration and electric field arrows for a 
smooth pipe. 
 

 
 
Figure 5. Evolution of concentration boundary layer 
for a smooth pipe. 
 

 
Figure 6. Smooth pipe deposition rate for different 
values of the electrostatic parameter α . 
 
Next consider the influence of the cartilaginous 
rings on the deposition of charged particles. In 
figure 7 the concentration distribution and 
electric field arrows are shown for α=45. In 
figure 8 the deposition is plotted versus the 
elctrostatic parameter and for comparison the 
corresponding deposition for a smooth pipe is 
shown. Remarkably the deposition rate for 
charged particles is lower than the corresponding 
values for a smooth pipe. The reason for this is 
that in the separated regions the concentration is 
lower than in the main stream (see figure 9). 
Therefore the charge-density in the separated 
regions is lower and from this it follows that the 
electric field (see figure 10) and deposition 
become smaller.  

 
Figure 7. Concentration and electric field arrows for 
α=45  



  
 
 
 

 
 
Figure 8. Comparison of deposition rates for a  pipe 
with a  Cartilaginous ring structure and a smooth pipe. 
 
 

 
 
Figure 9. Concentration versus r along a line of 
separated flow(red) and along a line of no 
separation(blue). 
 
4. Conclusions and discussion 
 

The deposition of nano-sized charged 
spherical particles on the walls of cylindrical 
tube with a periodically spaced cartilaginous ring 
structure is investigated. The model includes 
convective and Brownian diffusion transport as 
well as effects from the electric field created by 
the charged particles.  
 
 

 

 
 
Figure 10. Electrical field, r component  versus r along 
a line of separated flow(red) and along a line of no 
separation(blue). 
 
 The influence of the cartilaginous ring on the 
flow is to create a separated flow in the regions 
between the rings. This causes a difference in the 
concentration in the separated regions and the 
main stream, where the concentration in the 
separated regions is about one half of the 
concentration in the main stream. 
 We consider deposition of particles in 
generation 4 for light breathing conditions. The 
first case studied is the deposition due to the 
electric field caused by charged nano-particles 
for the case of a smooth pipe. The effects of the 
electric field can be described by one single 
dimensionless parameter; the electrostatic 
parameter α. Increasing α from zero to 90 the 
deposition is increased by 65%. 
 Next the effect of the cartilaginous rings is 
introduced with amplitude of the rings equal to 
0.1 diameters. Comparison with the smooth pipe 
case the effect of the rings is to decrease the 
deposition rate. An explanation of this result is 
that the concentration in the separated regions 
(see figure 9) is lower, causing a smaller electric 
field (see figure 10) and smaller deposition. 
 Future work involves other generations, both 
higher and lower generations. For the lower 
generations N=1-3 the flow may be turbulent and 
the modification needed is to use a low-Re 
turbulent model for the flow, which also 
modifies the convective-diffusion equation. 
For higher generations N>4 the effect of the 
cartilaginous rings is smaller. An interesting 
application of the present theory is to investigate 
the possibility of designing aerosols for 



optimized delivery of drugs via pharmaceutical 
charged aerosols.  
 
 
5. References 

 
1. Poland C.A., Duffin R., Kinloch I., Maynard 
A., Wallace W.A.H., Seaton A., Brown S., 
Macnee W., Donaldson K., Carbon nanotubes 
introduced into the abdominal cavity of mice 
show asbestos-like pathogenicity in a pilot study. 
Nature nanotechnology 20 May 2008, doi:10. 
1038/nano.2008.111,(2008) 
 
2.  Högberg S.M., Åkerstedt H.O., Lundström 
T.S., Freund J., Respiratory deposition of fibers 
in the non-inertial regime: development and 
application of a semi-analytical model. Aerosol 
Science and Technology. 44, 847-860(2010) 
 
3. Risken, H., The Fokker-Planck equation. 
Springer-Verlag, Berlin (1977) 
 
4. Åkerstedt,H.O., Högberg S.M., Lundström 
T.S., Sandström T. The effect of Cartilaginous 
rings on particle deposition by convection and 
Brownian diffusion. Natural Science.2,769-
779(2010)  
 
5. Yu C.P. Precipitation of unipolarly charged 
particles in cylindrical and spherical vessels. 
J.Aerosol Sci. 8, 237-241 (1977) 
 
6. Yu C.P. and Chandra K., Precipitation of 
submicron charged particles in human lung 
airways. Bulletin of Mathematical Biology. 39. 
471-478 (1977) 
 
7. Ingham D.B., Deposition of charged particles 
near the entrance of a cylindrical tube, J.Aerosol 
Sci. 12, 47-52 (1980) 
 
6. Acknowledgements 
 
This work is sponsored by the Swedish research 
council and CMTF, Centre for Biomedical 
Engineering and Physics. 
 
 
 
 

 

 

 
 
 



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /Description <<
    /FRA <>
    /ENU (Use these settings to create PDF documents with higher image resolution for improved printing quality. The PDF documents can be opened with Acrobat and Reader 5.0 and later.)
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308000200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e30593002537052376642306e753b8cea3092670059279650306b4fdd306430533068304c3067304d307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice




