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Abstract: Many industrial processes are 
characterized by a complex spatio-temporal 
and nonlinear dynamic behavior. Examples are 
rheological forming processes (e.g. glass,  
steel, plastic). For process optimization it is 
very important to know the impact of possible 
perturbations to the relevant process variables 
and the process “output” parameters (e.g. 
product properties). In this paper a glass 
forming process is investigated. We are 
concerned the effect of local perturbations to 
the global variable fields (e.g. temperature, 
velocity and geometric profile of the glass). 
The sensitivity of the process variables to the 
perturbations is calculated numerically. In 
detail perturbations of the oven temperature 
profile (stationary) and material 
inhomogeneities (time dependent) are 
investigated. The results of the sensitivity 
analysis are actually used for the development 
of optimal control strategies. 
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1. Introduction 
 

Over the last few years, numerical 
simulation models and especially Finite 
Element Models have become increasingly 
important for the design of process control 
strategies or process optimization. Many 
industrial processes are characterized by a 
complex spatio-temporal and nonlinear 
dynamic behavior. Examples are rheological 
forming processes (e.g. glass, steel, plastic). 
For process optimization it is very important to 
know the impact of possible perturbations to 
the relevant process variables and the process 
“output” parameters (e.g. product properties).  

This sensitivity can be calculated 
straightforward for processes which can be 
modeled with lumped parameters, i.e. the 
model consists by a set of algebraic equations 
or ordinary differential equations. In this case a 
common definition of the local sensitivity S of 
an system response (respectively output 
variable) y to a parameter p is defined by the 

derivative of y with respect to a parameter p as 
equation (1) [3] 
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where p is the perturbation of p and y the 
change of y caused by p. By normalizing this 
sensitivity, the term sensitivity index is defined 
as equation (2) [7] 
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In other words, SI is the relation of relative 
change of the output variable y/y to the 
relative parameter change p/p. For an 
introduction in the theme of sensitivity 
analysis see [3, 4, 7] and in the theme of 
perturbation theory see [5]. 

If the spatial distribution of the process 
cannot be neglected, the model consists by one 
or more partial differential equations (PDEs). 
In many cases also the perturbations of the 
process are spatially distributed. The derivative 
has to be generalized by using the definition of 
Gâteaux variation [3, 4]. The definition of 
local sensitivity of a system respect to a spatial 
distributed perturbation h(z) is :  
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In Eq.(3) p0(z) denotes the nominal, 
unperturbed parameter distribution. According 
(3) the local sensitivity has to be calculated 
numerically. 

In this paper a glass forming process is 
investigated [1, 2]. We are concerned the 
impact of local perturbations to the global 
variable fields (e.g. temperature, velocity and 
geometric profile of the glass). In detail 
perturbations of the oven temperature profile 
(stationary simulations) and material 
inhomogeneity (time dependent simulations) 
have been investigated. The results of the 
sensitivity analysis are actually used for the 
development of optimal control strategies. 

The paper is structured as follows. In 
section 2 the nonlinear model of the glass 
forming process and its disturbance model are 
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force in the Trouton model is 3ߤሺܶሻܣ
డ௪

డ௭
) and 

eq. (6) the 1D heat transfer equation. The 
results in this paper are based on the Trouten 
model (eq. (4) – (6)).  

 
2.2 Disturbance model in glass drawing 
process 

From Eq.3 the spatial local distributed 
perturbation h(z) is modeled as Gaussian 
distribution as: 
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where ݖ଴ locate the position and ߪ determine 
the width of the perturbation. Two descriptions 
of spatial coordinates are considers: (a) 
coordinate z is fixed in space (Eulerian) and 
(b) the coordinate ݖ is fixed in material 
(Lagrangian). In this paper two disturbances 
are investigated. Firstly the perturbation of 
oven temperature profile (Δ ௢ܶ௩௘௡) can be 
determined as the disturbance fixed in space. 
The welding joint of glass is fixed in material, 
therefore it has to be considered as the heat 
source fixed in material. Because our equation 
are describe by space fixed coordinate, the 
disturb heat source fixed in material is convert 
to disturb moving heat source ܳௗ௜௦ሺݖ,  ሻ inݐ
space fixed coordinate. 
 
3. Use of COMSOL Multiphysics  
 

Eq. (4) – (6) have been implemented in 
COMSOL (version 4.2). The equations are 
solved for the variables A(z,t), w(z,t) and T(z,t). 
A length of 2 m of the total glass rod is 
simulated. The feeding and pulling speed (vf, 
vp) have been set as Dirichlet boundary 
conditions (BC). Cross section area of the 
cylinder which is fed in the oven is also 
defined as Dirichlet BC, while the resulting 
cross section area below the oven is calculated. 
The BCs for the heat transfer equation (6) are 
chosen as Neumann type. The model has been 
initialized with pre-calculated solutions A0(z), 
w0(z) and T0(z) of the unperturbed system. For 
the perturb systems the term ݄ሺݖሻ is added in 
order to calculate the term ݕߜ as Eq.(3). The 
perturb system is simulated by using the 
parametric sweep module in COMSOL by 
varying the parameters  ݖ଴ , ߪ and ߝ. The 

Matlab interface has been used for analyzing 
the results and the calculation of the sensitivity  

 Δݕ ൌ
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 (8) 

 
4. Sensitivity Analysis 
 

Two different perturbation scenarios have 
been investigated, namely perturbations of the 
oven temperature profile (stationary 
simulations) and material inhomogeneity (time 
dependent simulations). The scenarios and 
results are discussed in the following 
subsections.  
 
4.1 Stationary Perturbations of the Oven 
Temperature Profile 
 
In Figure 3 an exemplary result with 
perturbations of the oven temperature profile is 
shown. Some perturbation scenarios are shown 
in subplot 4 of Fig. 4. The perturbations are 
modeled as a Gaussian profile as Eq.(7). The 
corresponding sensitivity index of glass 
temperature, velocities and cross section area 
are shown in subplots 1 – 3. It can  be seen that 
the maximal sensitivity with respect to 
temperature is reached near the upper end of 
the oven (z ~ -0.2 m), while for velocity and 
cross section the maximum of the sensitivity is 
at z ~ 0 m which is near to the lower end of the 
oven. As due to conservation of mass the 
Volume flow V = Aw is unchanged, it holds 
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Hence the relative changes of cross section 
area are equal to the relative changes of the 
cross section area. As a consequence, also the 
maximal sensitivity is located at the same 
position (z ~ 0 m).  

From Figure 3 it is obvious that the relative 
maximum of sensitivity index of temperature 
is moving with the center of the perturbations, 
while the center of the sensitivity index of 
velocity and cross section area is nearly 
unchanged at z ~ 0 m. It is interesting that the 
sign of sensitivity index changes when the 
center of oven temperature perturbations 
moves along the z-axis. 



While for z > 0 the relative changes of 
velocity (and hence the sensitivity index) are 
positive, it becomes negative for z < 0.1 m. If 
the center of oven perturbations is located n 
the range z ~ 0 … 0.1 m, the relative changes 
are partly positive and negative. In summary it 
can be stated that stationary oven temperature 
perturbations at the upper end of the oven have 
the strongest impact to glass temperature, 
velocity and cross section area.  
 
4.2 Time Dependent Perturbations 
 

Figure 4 shows results with time dependent 
perturbations, namely a moving heat source 
inside the glass. This heat source corresponds 
to the end of the batch process, where a 
transition to different glass material introduces 
additional radiative energy into the oven. The 
subplots at the bottom of Figure 4 show 
snapshots of the moving heat source. It is 
assumed that the amplitude of the heat source 
is increasing when it is moving into the oven. 
On the left side at the bottom the volume 
specific heat source q in [W/m3] is shown, 

while on the right side the length specific heat 
source qA [W/m] is plotted. 

The subplots on the left side of Figure 4 
show snapshots of the profile of the relevant 
process variables (glass temperature, velocity, 
cross section area, volume flow, viscosity 
(logarithmic scale), viscous force). In the 
subplots of the right side of Figure 4 snapshots 
of the changes of the profile with respect to the 
unperturbed profile are plotted. 

The impact of the moving disturbance to 
temperature and velocity is similar to the 
stationary scenario of subsection 4.1. 
Regarding temperature, the maximum of the 
profile is near the maximum of the 
perturbation heat source. Regarding velocity, 
again the changes of the profile occur inside 
the oven in the range z ~ -0.1 … +0.1 m. 
Similar to the stationary scenario, the velocity 
changes are first positive (as long as the center 
of the perturbation is at position z < -0.1) and 
later on negative. The results of cross section 
area A are different compared to the stationary 
scenario. Inside the oven and slightly below 
the oven the relative changes of A correspond 
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Figure 3. Results with stationary perturbations of the Oven Temperature Profile 



nearly to the negative relative changes of 
velocity. At position z > 0.3 m, which is about 
0.2 m below the oven, cross section area is 
increasing. As the relative decrease of cross 
section area inside the oven is stronger than the 
relative increase of pulling speed, the volume 
flow inside the oven is temporarily decreasing, 
while below the oven it is greater than the 
nominal volume flow. 

Summarizing, it can be stated that the time 
dependent perturbation scenarios lead to a 
transient perturbation of the glass flow. As 
consequence, a complex sequence of changes 
of the relevant process variables occurs. Due to 
the movement of the glass, an initial 
perturbation has a long range impact to the 
whole forming process. 
 
5. Conclusions 
 

The results of the investigated stationary 
and time dependent perturbation scenarios can 
be summarized as follows: 

 The largest sensitivity of stationary 
perturbations of the oven temperature, 
velocity and cross section area profile is 
at the top of the oven 

 For time dependent scenarios with a 
moving heat source it turned out that the 
results lead to a complex spatio-temporal 
pattern of changes of the relevant process 
variables. Hence disturbances have to be 
suppressed as early as possible. 

 
Based on the results in the near future 

measures for the optimization of the industrial 
glass forming will be derived. e.g. based on the 
coupled forming and temperature model, 
optimal time dependent oven temperature 
decrease strategies could be calculated in order 
to minimize the impact of perturbations to the 
product quality. 

 
 

Figure 4. Results with time dependent perturbations (moving heat source) 
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